ASYMPTOTICS OF THE COLORED JONES POLYNOMIAL AND THE 

A-POLYNOMIAL 



KAZUHIRO HIKAMI 

Abstract. We reveal a relationship between the colored Jones polynomial and the A-polynomial for 
twist knots. We demonstrate that an asymptotics of the A^-colored Jones polynomial in large gives 

] the potential function, and that the A-polynomial can be computed. We also discuss on a case of 

■ torus knots. 
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1. Introduction 

The A'^-colored Jones polynomial J^xiN) is a quantum invariant which is defined based on the 

//-dimensional irreducible representation of the quantum group UJsKl)). Motivated by Volume 
>■ ■ 

^ • Conjecture raised by Kashaev [16], it was pointed out that the colored Jones polynomial at a 
^ ■ specific value should be related to the hyperbolic volume of knot complement [21]. 
^ \ As another example of the knot invariant related to SL{2; C), we have the A-polynomial [2, 3]. 

' This is defined as an algebraic curve of eigenvalues of the SL(2; C) representation of the boundary 

o ■ 

p ^. includes many geometrical informations such as the boundary slopes of the knot. 
r-| ■ Those two knot invariants are superficially independent. Though, it is recently conjectured [4] 

o3 ■ that the homogeneous difference equation of the A''-colored Jones polynomial for knot 7C with 
respect to A'^ gives the A-polynomial for % (AJ conjecture). This fact was originally verified for 
both the trefoil and the figure-eight knot with a help of computer algebraic system [4], and was later 
^ ' proved for the torus knots [10] . We should note that in Ref. 26 a recursion relation of the summand 
c3 I of the colored Jones polynomial for the twist knots was shown to give the A-polynomial. See also 
Refs. 6,7. 

Recently pointed out is still another connection between the colored Jones polynomial and the 
A-polynomial. It was demonstrated [8, 22] that the A-polynomial has a relationship with an as- 
ymptotic limit of the colored Jones polynomial for a case of the figure-eight knot. Our purpose in 
this article is to show that this correspondence is also supported for a case of the twist knots and 
the torus knots. 

We recall a fact [5] that the A'^-colored Jones function J-xiN) for knot TC can be written in a form 
of the ^-hypergeometric function. Once we obtain an invariant in the form of the ^-hypergeometric 
series, we may define the //-function [20] for knot 7C based on the integrand of an asymptotics of 
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the A'^-colored Jones polynomial for knot "K as 

7^(A^) ~ dx exp Htc{x, m^)) (1.1) 

in a limit 

A^^co r = fixed (1.2) 

Here we set a parameter q of the A^-colored Jones polynomial as 

I2n\r\ 

^ = ^^V\^^\ (1-3) 



and define a parameter m by 



m^ = q^ (1.4) 



In this article we demonstrate for twist knots "Kp (Fig. [T]) and torus knots 72,2p+i (Fig.lU that the 
//-function is regarded as the potential function [23, 28] under a constraint 

dH^(x,m^) 

Xi =0 (1.5a) 

OXi 



and that we have 

' = \og£ (1.5b) 



2 dH'xix, nr) 
5(m2) 



Note that a constraint (ll.5al) denotes a saddle point equation for the integral (II. Ill in large A/^ limit. 
Eliminating jc from a set of eqs. (11.51) . we obtain an algebraic equation of t and /n^ which coincides 
with the A-polynomial of knot 7C; the 5L(2; C) representation of the meridian /i and the longitude 
A of the boundary torus of knot is given by the upper triangular matrices, 



<^ 



up to conjugation. This shows [8] an intriguing correspondence between the color A'^ of the quan- 
tum knot invariant and the eigenvalue of the SL(2; C) representation of the meridian. 

This paper is organized as follows. In Sectional we study the twist knots 9Cp. Using the q- 
hypergeometric expression of the colored Jones polynomial derived in Ref . 1 8, we show that the H- 
function with constraints (11.51 ) gives the A-polynomial for the twist knots which was computed in 
Ref. 15. We also discuss on a relationship with the volume conjecture, and study a limit p — > +oo. 
In Sectionl^we show that this correspondence also works for the torus knot. 



Throughout this paper we use a standard notation [1]; the (^-product and the ^-binomial coeffi- 
cient are respectively defined as follows; 



i=\ 



(q)n 



iq)n^k (q)k 



2. Twist Knot 

We study the A^-colored Jones polynomial for the twist knot TCp. A case of p 
figure-eight knot (see Figure [U). 



-1 is the 






Figure 1 : Twist knots 'Kp are depicted. There is a /9-full twist at the bottom of each figure. From left to right, figure- 
eight knot {p = -1), left-hand trefoil (p - 1), and Stevedore's ribbon knot (p = 2). 



The A'^-colored Jones polynomial for the 79-twist knot 'Kp was computed skein-theoretically in 
Ref. 18 as follows. 

Proposition 1 ( [18]). The N -colored Jones polynomial J%{N)for the twist knot TC = 'Kp is given 
as follows (we set p > 0); 



X 



(p-1 

. !=1 





\ 


Si+l 




Si 






9. 



(2.1) 



and 



J^-.JN)= J] (-l)-v^---^ 

Sp>->S2>si>0 



(p-y 



si+\ 

Si 



XTJ) 



Here the colored Jones polynomial is normalized such that JunimotiN) = 1. 
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We set a quantum parameter q as in eq. (I1.3I) . and study an asymptotic behavior of the quantum 
invariant in a limit N ^ oo ( I1.2I) . A limit in a case of r = 1, i.e., q = exp(2m/N), corresponds to 
the "Volume Conjecture" [16,21]. 



Proposition 2. In a limit (11.21) we have 

J'K„{N) ~ djco • • • ^Xp-i exp • • • ' '«^)) (2-2) 
i^ere m defined by eq. (11.41) . ant^ we /zave 

H'K„,^{xQ,...,Xp-um^) = ^(logU/jco))^ +Li2(m^) + Li2(l/m^) 

!=1 

- Li2(-x:o/m^) - Li2(m^ Xq) - Li2(xo) + V Li2(x,/x,+i) - (/? - 1)— (2.3) 



H>K_^^^(xo, Xp-um^) = - (log xo)^ - 2 (log (xi/xo))^ + Li2(m^) + Li2(l/m^) 

!=1 

- Li2(xo/m^) - Li2(m^ xq) - Li2(xo) - ^ Liiixi+Jxi) + {p - 1)— dO) 



r=0 

where we have set Xp = \. 

Proof. From a definition of the ^-product, we have in a limit N ^ oo (see e.g. Ref. 1,24) 

log(jc q)n ~ exp (Li2(x) - Li2(;c q")) (2.4) 
2;rir 

Setting 

q^ = q^' = Xp-i 

we obtain the //-function (12.31) and (12.311) . □ 

Our main theorem is as follows. 

Theorem 3. The function H-x^ixo, . . . , Xp-i,m^) defined in eqs. (12.31 ) and (12.311 ) is the potential func- 
tion [23] for the p-twist knot TCp under a constraint (II. Sal) . Eliminating x with a condition (ll.Sbl) 
gives the A-polynomial of the twist knot 'Kp. 



To prove this theorem we rewrite a set of equations (11.511 for '7Cp>o as 

1 - Xq 



Xo - 



Xi 



2 



n 



V (=1 ; 



_ ^ 2(p-l) 



(l-Xo)(l-m2^o)(l-^) 



V 1 1 - 



1- 



for / = 1, 1 



The first equation is solved as 



When we set 



Xq — 



Xp-k - Xo Ck(Xo) 



for k = 1,2, . . . ,p - 1, we see that a rational function Ck{x) is recursively defined by 

= Ck+i{x) 



1 1 
+ 



(2.5a) 
(2.5b) 
(2.5c) 

(2.6) 
(2.7) 

(2.8) 



where the first two rational functions are given by 



Cq{x) = - 

X 



Cx{x) 



1 -(1 -;c) [l-rn^x] (1 -xlm^) 



X 



In the same way, a set of equations ( 11.51 ) for a negative case, 7C"_p<o, is explicitly written as 

\ — Xq . 



Xq - 



Ti-'i(i-^)(>-'"^-»)(i-*)=-.^'(>-^)' 

V 1=1 / \ u/ 



23ab 



Xi-i 



Xi+l 



for /= 1, 1 



In this case Xq is also fixed by eq. ( 12.61) . When we also set 

Xp-k = Xq C-k{XQ) 

for k = 1,2,...,/? - l,a rational function C_<^(x) is recursively defined from 



C-k-ijx) - C_jt_i(jc) 
C-k-i{x) - C-kix) 



= C-k-lix) C-k-2{x) 



(O) 



(EHI) 



where the initial conditions are 



Co(x) = - 

X 



nP- x^ - {\ — x){\ - m?- x){nP- - x) 
As a result, a set of equations (11.51 1 reduces to an algebraic equation of i and m; 

Cp(xo) = l (2.10) 

where the rational function Cp{x) is recursively computed as above, and xq is defined in eq. (12.61 1. 
Then to prove Theorem we must show that eq. (12.101) gives the A-polynomial of the twist knot 

We introduce rational function Cp{£, m) by 

1 - Cpixo) = (1 - ^) (1 - m^) Cp{€, m) (2.11) 

Eqs. (12.81) and (12.811) are transformed into the recursion relation for Ck{C,m); in a case of positive 
twist knot '7Cp>o, we have 

3 ~ = (l - (1 - (1 - m^) CV(A m)) (l - (1 - t) (1 - m^) m)) (2.12) 

with initial conditions 

1 



Co(^, m) = 
Ci(Am) = 



1 +^m2 



m2 + m2)2 
and for a negative case 



(l - (1 - ^) (1 - m^) C_,-i) (l - (1 - (1 - m^) C_,-2) (Uni) 



C-k-i - C-k 
with 

1 



Coii, m) = 



Proposition 4. Rational function satisfying eq. (12.121) /5 solved as 

~ Apit, m) 

CJ£,m) = ^^—— (2.13) 

Here polynomials Ap(f, m) and Bp{€, m) are recursively defined as follows by use of a polynomial 
Z(i, m) defined by 

Z{£, m) = -i + + 2tm^ - f m^ + m^ + f m^ - m^ + 2tm^ + m^ --tm^ (2.14) 



a positive case, i.e. twist knots '7Cp>o 



-(1 -m^){t-m^) 



2\2 



(2.15) 



with 



(Ai(£,m) 



[Bi(£,m) 

a negative case, i.e., twist knots 7<'_p<o 







{€ + rn^f 


-(1 -m2)(f -m^y 


'A. 




B_p_i{£,m)^ 




^(1 -m^)m^{t + m^f 


Z(Am) 







= M 



wjY/i an initial condition 



(uni) 







' 1 ^ 






^1 +€m^^ 



We note that we have 



{MJ ■ o-y ■M^-(ry = m\e + 
-i 



(2.16) 
(2.17) 

with the Pauli spin matrix cr,, = j, and that the characteristic polynomial of M+ is given by 

F,(x) 

= }^ + x[{f + m^){l +m^) + ^(-l +2m^ + 2mH2m^-m^)) + m^(^ + mY (2.18) 

Proof of Prop. ^ We assume that Cp{£,m) is defined by eq. (12.131) . and that the polynomials Ap 
and Bp satisfy eqs. (12.151 ) and ( 12.15(1 ). Hereafter we use Ap = Ap{i,m) and Bp = Bp(£,m) for 
brevity. 

We first prove a positive case p > 0. We see from eq. (12.151) that 

(1 - ^) (1 - m^)Ap -Bp = (£ + m^T^ Bp^i 

Ap Bpu - BpAp^i =m\i + mY (Ap-i Bp - Bp.i Ap) 
With these identities we find that 



\Op+[ Op+2l 



ApBp+i BpAp+i 



which proves eq. (I2.12I) . 

For the negative case -p < 0, we easily see from a recursion relation (12.1511) that 

- (1 - ^) (1 - m^) A_p_i = {£ + rn^f B.p 
5_p_2 - B_p I A_p_2 = + m^f (A_p - A_p_i) 

which leads 

[P^ - ^) (B-p-i - (1 - ^) (1 - m^) A_,,_i) (5_,,_2 - (1 - ^) (1 - m^) 

This is nothing but eq. (I2.12[|| □ 

Proposition 5. Polynomial Ap(£, m) defined by eq. (12.131) coincides with the A-polynomial for the 
twist knot TCp. 

Proof. We define a polynomial 

X{£,m) = -t + f- + 2in? + m^ + ltm^ + fm^ + 2€m^ + m^-tm^ (2.19) 
The recursion relation (12.151) gives {p > 0) 

Ap+i(^, m) = -X{€, m) Ap{£, m) - tn^ ({ + m^)'' Ap^y{€, m) (2.20) 

with 

Ai(Am) = £ + m^ 

- Itm''' - f - 2€m'^ - m'' + €m'' 
For a negative case {-p < 0) we also see that the recursion relation (12.1511) reduces to 

A_p_i(Am) = X{€,m)A^p{€,m)-m^ + m^)^ A_p+i(Am) (2.21) 

with 

Ao(Am) = 1, 

A_i(Am) = -i + + + 2tm^ + f + tm^ - im^ 

These recursion relations, eqs. (12.201) and (12.211) . coincide with those for the twist knot TCp 
derived in Ref. 15, and we can conclude that the polynomial Ap{i, m) defined by eq. (12.131) is the 
A-polynomial for the twist knot TCp. □ 

These propositions indicate that an algebraic equation (12.101 ). which is a consequence of 
eqs. (11.51 ) for the twist knot TCp, is nothing but an algebraic equation of the A-polynomial for 
the twist knot TC^; 

Ap{i, m) = (2.22) 



if we suppose £ ^ I and irp- ^ I. As we define the parameter which now represents the eigen- 
value of the longitude of the boundary torus of knot, by a derivative of the function H^xix, np-) with 
respect to m, we can identify the //-function with a constraint (II .Sal) as the potential function of the 
twist knot. This proves the statement of Theorem |3 i.e., the //-function defined from an asymp- 
totics of the colored Jones polynomial dl.ll) is the potential function under a constraint (II. Sal) , 
and it gives the A-polynomial with a condition (ll.Sbl) . This fact may support the Volume Con- 
jecture [16,21] that the hyperbolic volume of the knot complements dominates an asymptotics of 
the colored Jones polynomial, as eq. (II. Sat denotes the saddle point equation of the integral (11.11) . 
Indeed we see that under a constraint (II. Sal ) the //-function defined by eqs. (12.31 ) and (12.311 ) becomes 



where (xq, . . . , ^ipi-i) is a solution of eqs. (I2.5bl) - (l2.5cl) . or eqs. (I2.5bll) - (l2.5cll) . under a constraint 
= 1. Here we have used the Bloch-Wigner function D(z) defined by 



which denotes the hyperbolic volume of the ideal tetrahedron with modulus z. 
In the case of = 1 we can simplify those equations as follows. 

Proposition 6. We consider the saddle point equations (II. Sal ), i.e. eqs. (I2.5bl )- (l2.5cl ) or 
eqs. (I2.5bll) - (l2.5cll) . of the H -function in a case ofrn^ = 1. Let the polynomial Vk(,z) be defined by 




(2.23) 



D{z) = ImLi2(z) -h arg(l - z) • log \z\ 



(2.24) 



(k>0) 




(2.25) 




• Positive case (p > 0); 



Eqs. (I2.5bl) and (I2.5cl ) with = 1 are solved as 



(2.26) 




(2.27) 



Eqs. (I2.5bll) and (I2.5cll) with = 1 are solved as 

V-kixo - 1) 




for k = \, . . .,p, and Xq is a solution ofV^pixo - 1) = y_p_i(xo - 1), i.e., 

V„(xo - 1) = 
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Proof. We see that the polynomials Vp{z) satisfy 



(2.28) 



V^p^,{z)-V.p{z) = zVp{z) 

which gives the 3-term relations 

Vp^iiz) - {z^ + 2) Vp{z) + Vp.,{z) = 

V-p^i{z) - (z' + 2) V.p{z) + V-p^xiz) = 
To complete the proof, we need to show that the solution of eqs. (12.81) and (I2.8fl) with = 1 is 



(2.29) 



given by 



Vt(l-.vo) 
Vt-i(l-.vo) 



and 



V-t(.vo-l) 
V-n(;co-l 



y respectively, i.e., the polynomial satisfies the bilinear equation 



Vk^2{z) ■ Vuiz) - {Vk^,{z)f = Vk^.iz) ■ Vu-,{z) - {Vk{z)f 

= -z' 

V-k-iiz) ■ V^uiz) - {V-k-x{z)f = V-t-iiz) ■ y-^+i(z) - iV.t(z)f 

= z' 

This can be done easily by induction using eq. (12.291) . 

We note that the polynomials Vk(z) are written as a sum of the hypergeometric functions, 

Vkiz) = 2F1 



□ 



-k,k+ 1 z 
I 
2 



■,-j\ + kz-2Fi 



\-k,k+\ z^ 
I '"4 



V-ki.z) = 2F, 



l-k,k 



\-^\ + kz-2Fi 



\-k,k+\ t 
2 ^ 



(2.30) 



With these results we conclude that when xq is a solution of eq. (12.271) or (12.27(1) we have (p > 0) 



lmH'KXxo,...,Xp-i,m = 1) 



3D(1/xo) + J]d 



Vj^r{l-Xo)Vj-i{l-Xo) 



+ D\Xq 



Vi(l--^o) 
V()(l - xo) 



(2.31) 



and 



Im//.;f (xo, . . . , JCn-i, m = 1) 



= 3Z)(l/xo) + Xi^ 



(y_/xo - 1))' 



y_,-+l(Xo - 1) V-j^y(Xo - 1) 



dnn) 



See Table [T] for numerical computation. We have checked that the largest value of 
ImHiCpixo, ■ ■ ■ ,x\p\-i,m^ = 1) among solutions of eq. (II. Sal) coincides with the hyperbolic vol- 
ume of the complement of "TCp [27] as was proposed as Volume Conjecture (see Ref. 25 for an ideal 
triangulation of the complement of the twist knots). We have plotted zeros of the polynomial Vk{z) 
in Fig. 121 for convention. 
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p 


Ui =Vol(5n 'TCp) 




-5 


3.57388 


0.99151 - 1.91177i 


-4 


3.52620 


0.98405 - 1.866411 


-3 


3.42721 


0.96453 - 1.775301 


-2 


3.16396 


0.89512- 1.552491 


-1 


2.02988 


0.50000 - 0.86603 i 


2 


2.82812 


1.21508 - 1.307141 


3 


3.33174 


1.05818 - 1.691281 


4 


3.48666 


1.02317 - 1.829531 


5 


3.55382 


1.01144- 1.892571 



Table 1 : Hyperbolic volume of the complement of the twist knot "TCp coincides with the largest value of Im H-x^, ■ Given 
are values of xq which give the hyperbolic volume Vol(5^ \ %) by eq. ( I2.31> or J2.31l> . Knot 'Kp=\ is the 
left-hand trefoil, which is not hyperbolic. 



••1 

• .; 

1 -s- 

• • 

; :i - 



• ■ ' ■ ■ ■ I Rez 

-0.25 -0.2 -0.15 -0.1 -0.05 

Figure 2: Zeros of the polynomials Vtiz) for k - 5(»), 10(«), 30(»), 50(»). We only plot zero points in the upper half 
plane. 

In a limit p — > oo, we may read off from both the above table and a numerical computation that 

xq — > 1-21 (see Fig.EJ. It is known geometrically that in the limit of \p\ oo the hyperbolic 

volume of the twist knot TCp is that of the Whitehead link [19] (Fig. 01), which coincides with the 

hyperbolic volume of the regular ideal octahedron 4D(i) = 3.66386237670887606 Applying 

11 




identities 



Figure 3: Whitehead hnk 



Vp(2i) = (-iy (2p + l-2pi) 
y_„(-2i) = (-ir i-2p+\+2pi) 



(2.32) 



for p > 0, which result from the Chu-Vandermonde identity, to eqs. (12.311) and (I2.31fl) . we may 
obtain formulae for the Bloch-Wigner function; 



k=Q 



k=Q 

















i) 


) 



(2.33) 

(E33) 



In fact these identities follow from the pentagon identity, especially an identity D{z^) = 
2{D(z)-D(z+l))\ 

3. Torus Knot 

We apply above story to the colored Jones polynomial for the torus knot 7~2,2p+i (we study a case 
of p > 0. See FigurelHl; we reveal a relationship between the A-polynomial and the //-function. 






Figure 4: Torus knots 7"2,2;j+i with p > are depicted. From left to right, p - I (right-hand trefoil), p - 2 (Solomon's 
seal knot), and p = 3. 



We first recall the t^-hypergeometric expression of the colored Jones polynomial for the torus 
knot. 



*Anatol N. Kirillov kindly pointed out this fact. 
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Proposition 7 ( [10]). The N-colored Jones polynomial J%{N) for the torus knot "K = T2,2p+i Is 
written as 



Sp>->S2>si>0 



{p-\)Sp(Sp + l) 



X 



fp-1 

V !=1 

Here the colored Jones polynomial is normalized to be JunknotiN) = 1. 







Si+l 




Si 






1j 



(3.1) 



Applying eq. (12.41) to above expression, we easily obtain the //-function for the torus knot. 

Proposition 8. The asymptotic behavior of the N-colored Jones polynomial for the torus knot 
'^2,2p+i is written in an integral form in a limit N oo as 

Jt2.2„^i(N^ ~ JJJ dxo • • • dxp^i exp ( 2~77 ^^2,2p+i i^Q^ • • • > ^p-u m^) j (3.2) 
where m is defined by eq. (11.41) . and 

^7-2,2,.+. (^0, • • • , Xp^um^) = -p (log(m^)) + ^ (log (Xi/xQ)f 



i=i 



+ Li2(m^) + Li2(l/m^) - U2(xo/m^) - U2(m^ xq) + ^ U2(xi/xi+i) - P -r (3.3) 



The theorem for the torus knots is as follows. 

Theorem 9. The H -function (13.31) is the potential function for the torus knot 7~2,2p+i under a con- 
straint (ll.5al ). and it gives the A-polynomial for the torus knot T2,2p+i by eliminating x with a help 
of a condition (ll.5bl ). 



Proof. A set of equation (11.51) gives 



I - m^ Xo 
m'^P (xo — m^) 



2p-2 /, 
"^0 (1 



m^ Xq 



n^-m-w n 



fp-^ \ 

V 1=1 J 



Xj-i 



Xa 1 - 



Xi 



In this case we have 



and we see that 



Xq — 



\+im^P^^ 
m2 (1 +<?m4p-2) 



for z = 1, 2, . . . ,p - 1 



Xk - Xq Cp^kiXQ) 
13 



(3.4a) 
(3.4b) 
(3.4c) 

(3.5) 
(3.6) 



where Ck is recursively solved as 

(1 —m^x) (m^ - x) 
m2 {Ci{x)---Ck{x)) 



I \-L — III A. I \IIL — ^ I 1 

CmM = 1 1 - \ „ , I (3.7) 



1 

Co(x) = - 

X 

Then the algebraic equation for £ and m may reduce to 

Cpixo) = 1 (3.8) 

where Xq is solved in eq. (13.51 ). In this case we have 

(l-^)(l-m^) 

1 - CpiXo) = —r 

1 + 

and we obtain an unwanted solution £ = 1 or = 1. This suggests that a solution of eqs. ( 13.41) is 
rather given by 

Xo = 0, Xi = +1, for i > 

This gives an algebraic equation as 

Ar,,,Ai,m) = l+£m'P^^ (3.9) 

which is the A-polynomial for the torus knot 7~2,2p+i [2, 15]. □ 

We note that an exact asymptotic expansion inN ^ oo of the //-colored Jones polynomial for the 
torus knot 7"^ , with q being the A''-th root of unity, q = exp(2 ni/N), was studied in Refs. 12, 14, 29 
(see also Refs. 11, 13), and the invariant was identified with the Eichler integral of the modular 
form with half-integral weight 1 /2 which is related to the character of the Virasoro minimal model 
M(s, t). 

We shall restate our theorems for the trefoil T2,3 in more detail. The A'^-colored Jones polynomial 
for the right-hand trefoil was computed explicitly also in Refs. 9, 17, and collecting these results 
we have 



oo 

Jr,,{N) = q''"" ^ ^-"^ (q'-'^X (3.10a) 

CO 

= J^q-'<''-^\q'-%(q'-% (3.10b) 



«=o 



^ {q)n 



q 

«=0 



All these infinite sums reduce into finite sums due to {q^'^)k = for k > N > 0. Note that those q- 
hypergeometric type expressions are respectively from Refs. 10, 17, eq. (12.11) with p = I replacing 
q by q'\ and eq. (13.11) with p = I. 



By use of eq. (12.41) we obtain the //-functions from three expressions (13.101) as follows; 
Ha{x,m^) = -(logx) (\og(m^)) + Li2(^) - Li2(^) (3.11a) 

Hb(x, m^) = - (log xf + Li2(^) + Li2(m2) - Uil^) - U2{m^ x) (3.1 lb) 

H,(x, m^) = - (log(m2))^ + Li2(^) + Li2(m') - Li2(4) - ^^2im^ ^) + ^^2{x) - ^ (3.1 Ic) 

A set of equations (11.51 ) is solved as follows; 

(a) We have from eq. (13.1 lal) 

- 1 + rn^ - X 

— t- — — 1 



{trP- — x)x 

from which we have x = {\ - m^) m^. We thus obtain an algebraic equation, A{t, m) = 0, 
with 

A{i,m) = \+ €m^ (3.12) 

This is the A-polynomial for the (right-hand) trefoil [2]. 
(b) Substituting eq. ( 13.1 Ibl ) for eqs. (11.51) . we get 

-I + X _ (m^ - x){\ -np- x) _ 



— X nP- x^ 

This gives x = and an equation of i and m is written as 



which suggests eq. (13.121) . 

(c) We have 







\ — X (m^ - x)(l — x) 

= e TT-^ = 1 



{nP- — x) nP- (1 - x) 



which gives x = J^J^"}'., and 



(1 +^m2)(l -^m^) 
We may assume ^ ^ 1, and we obtain the A-polynomial (13.121) . 

To conclude, all three //-functions given from an asymptotics of three expressions (I3.1UI ). give the 
A-polynomial for the trefoil with constraints (11.51) . 
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